some interesting questions. What are the roles of the plasticizer aside from solvating the lithium salt and plasticizing the polymer? Is the alternate movement along the segmental chain of PAN the only or the main form of Li ionic transport in the PAN-based electrolytes? Further investigation of these questions is in progress in our laboratory. Stochastic errors were found to propagate through the Kramers-Kronig relations in such a manner that the respective standard deivations of the real and imaginary components of complex quantities at any given frequency are equal. The only requirements were that the errors be stationary in the sense of replication at each measurement frequency, that errors be uncorrelated with respect to frequency, that the derivative of the variance with respect to frequency exists, and that the Kramers-Kronig relations be satisfied. Experimental results for elecrochemical and rheological systems are presented which support the conclusion that the real and imaginary components have the same variance. This result and the conclusions reported herein appear to be general and should apply for any physical system in which the real and imaginary components are obtained from the same measurement.
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Introduction
While use of weighting strategies that account for the stochastic error structure of measurements enhances the information that can be extracted from regression of spectroscopic data,'1' independent assessment of the error structure is needed. The error structure for most radiation-based spectroscopic measurements such as absorption spectroscopy and light scattering can be readily identified.'2'13 The error analysis approach has been successful for some optical spectroscopy techniques because these systems lend themselves to replication and, therefore, to the independent identification of the different errors that contribute to the total variance of the measurements. In contrast, the stochastic contribution to the error structure of electrochemical impedance spectroscopy measurements generally cannot be obtained from the standard deviation of repeated measurements because even a mild nonstationary behavior introduces a nonnegligible time-varying bias contribution to the error. Recent advances in the use of measurement models for filtering lack of replicacy have made possible experimental determination of the stochastic and bias contributions to the error structure for impedance measurements. [14] [15] [16] [17] [18] The measurement model approach for identification of error structures is widely used (see, for example, Ref. 12 and 13 for applications to optical spectroscopies and Ref.
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19 for general application to spectroscopy). Recently, a measurement model approach has been applied to identify the error structures of impedance spectra obtained for a large variety of electrochemical systems.'4'8 One striking result of application of measurement models to impedance spectroscopy has been that the standard deviation of the real and imaginary components of the impedance spectra were found to be equal, even where the two components differed by several orders of magnitude. The only exception was found when the data did not conform to the Kramers-Kronig relations or when the precision of the measurement did not allow calculation of the standard deviation of one of the components (i.e., all significant digits reported by the instrumentation for the replicated measurements were equal, see Ref. 20) . The objective of the present work was to explore whether the equality of the noise levels in the real and imaginary parts of electrochemical impedance spectra can be described as being a direct consequence of the manner in which errors propagate through the Kramers-Kronig relations when both real and imaginary components are obtained from the same measurement.
Experimental Motivation Spectroscopic measurements which yield complex variables are illustrated in hierarchical form in Fig. 1 .
Spectrophotometric techniques such as absorption spectroscopy and light scattering record the light intensity as a function of the wavelength of the incident radiation used which the real and imaginary parts of Kramers-Kronig-transformable impedance had the same standard deviation. Following completion of the analysis reported here, an experimental investigation was begun which showed that the real and imaginary parts of complex viscosity also have the same standard deviation if the spectra are consistent with the Kramers-Kronig relations.
to interrogate the sample. The frequency dependence arises from the wavelength of light employed. Electrochemical and mechanical spectroscopic techniques employ a modulation of a system variable such as applied potential, and the frequency dependence arises from the frequency of the modulation. In electrochemical, mechanical, and some spectrophotometric techniques, both real and imaginary (or modulus and phase angle) components are obtained from a single measured variable (e.g., the impedance).
To date, the equality of the standard deviations for real and imaginary components was observed for several such systems which are highlighted in Fig. 1 . The equality of the standard deviation for real and imaginary components was observed for 1. Electrohydrodynamic impedance spectroscopy (EHD), a coupled mechanical/electrochemical measurement in which the rotation rate of a disk electrode is modulated about a preselected value. The impedance response at a fixed potential is given by M/1l.'7 2. Electrochemical impedance spectroscopy (EIS). The data base now includes measurements for electrochemical and solid-state systems under both potentiostatic and galvanostatic modulation.'4'6 The equality of the standard deviation for real and imaginary components was observed even for systems with a very large solution resistance.2°3
. Optically-stimulated impedance spectroscopy. Impedance measurements were obtained for solid-state systems under monochromatic illumination. 2' The contention that the variances of the real and imaginary parts of Kramers-Kronig transformable complex variables are equal is supported by experimental evidence and has been validated statistically, as discussed in a subsequent section.
In contrast to results found for electrochemical and mechanical spectroscopies, the standard deviations for the real and imaginary components of the complex refractive index from spectrophotometric measurements were correlated but not necessarily equal.22 However, for measurement of optical properties (e.g., the real and imaginary components of the complex refractive index) over a sufficiently broad range of frequencies, different instruments with their particular error structures must be used; whereas in electrochemical and mechanical spectroscopies a single instrument is used to measure both the real and imaginary components simultaneously.
For electrochemical and mechanical/electrochemical spectroscopies, the experimental evidence for the equality of the standard deviation of real and imaginary components is compelling and suggests that there may be a fundamental explanation for the observed relationship between the noise level of real and imaginary components of the impedance response.
Application of the Kramers-Kronig Relations
The Kramers-Kronig relations are integral equations which constrain the real and imaginary components of complex quantities for systems that satisfy conditions of causality, linearity, and stability.2326 The Kramers-Kronig transforms arise from the constitutive relations associated with the Maxwell equations for description of an electromagnetic field at interior points in matter. Bode extended the concept to electrical impedance and tabulated various forms of the Kramers-Kronig relations. 26 An application of the Kramers-Kronig relations to variables containing stochastic noise was presented by
Macdonald, who showed, through a Monte Carlo analysis with synthetic data and an assumed error structure, that the standard deviation of the impedance component predicted by the Kramers-Kronig relations was equal to that of the input component. 27 The analysis was incomplete because it did not identify correctly the conditions under which the variances of the real and imaginary components of experimental impedance data are equal, and the author continued to use a weighting strategy in his regressions based on a modified proportional error structure for which the variances of the real and imaginary components of experimental impedance data are different.272°T he objective of the present work is to identify the error structure for frequency-dependent measurements. Herein we report an explicit relationship between the variances of the real and imaginary components of the error without a priori assumption of the error structure. The only requirements are that the Kramers-Kronig relations be satisfied, that the errors be stationary in the sense of replication at the measurement frequency, that the derivative of the variance with respect to frequency exists, and that the errors be uncorrelated with respect to frequency. In the subsequent section, stochastic error terms are incorporated into the derivation of Kramers-Kronig relations to examine how the errors for the real and imaginary terms are propagated.
Absence of Stochastic Errors
The Kraniers-Kronig transforms can be derived under the assumptions that the system is linear, stable, stationary, and causal. The system is assumed to be stable in the sense that response to a perturbation to the system does not grow indefinitely and linear in the sense that the response is directly proportional to an input perturbation at each frequency. Thus, the response to an arbitrary perturbation can be treated as being composed of a linear superposition of waves. The response is assumed to be analytic at frequencies of zero to infinity. The statement that the response must be analytic in the domain of integration may be viewed as being a consequence of the condition of primitive causality, i.e., that the effect of a perturbation to the system cannot precede the cause of the perturbation.3°T he starting point in the analysis is that the integral around the closed loop ( 
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A similar development cannot be used to relate the real and imaginary parts of stochastic quantities because Eq. 1 is not satisfied except in an expectation sense.
Propagation of Stochastic Errors
The stochastic error can be defined by Transformation from real to imaginary-The KramersKronig relations can be applied to obtain the imaginary part from the real part of the impedance spectrum only in an expectation sense
dx] It is evident from Eq. 6 that, for the expected value of the observed imaginary component to approach its true value in the Kramers-Kronig sense, Eq. 5a must be satisfied and that
and For the first condition to be met, the process must be stationary in the sense of replication at every measurement frequency. The second condition can be satisfied in two ways: in the hypothetical case where all frequencies can be sampled, the expectation can be carried to the inside of the integral, and Eq. 7 results directly from Eq. 5a. In the more practical case where the impedance is sampled at a finite number of frequencies, €r(x) represents the error between an interpolated function and the "true" impedance value at frequency x. This term is composed of contributions from the quadrature and/or interpolation errors and from the stochastic noise at the measured frequencies w. In the latter case, Eq. 7 represents a constraint on the integration procedure. In the limit that quadrature and interpolation errors are negligible, the residual errors er(x) at a frequency x = w should be of the same magnitude as the stochastic noise c,(w).
Under the conditions that Eq. Sa and 7 are satisfied and for a given evaluation of Eq. 6 [4] Z(w) + e(w) =
x2-w2 [Sb] + LX2_W2} [8] where €t(w) represents the error in the evaluation of the Kramers-Kronig relations caused by the second integral on the right side. The variance of the transformed imaginary variable can be shown by the following development to be equal to the variance of the real variable. From Eq. 8 f €flj) 12 _tor2 -2dxj [9] where N is the number of replicate measurements which is assumed to be large. Under the assumption that Eq. 7 is satisfied
var[€ (w)] = 1EIX ir tox2 w dxj [10] As only principal values of the integrals are considered, it is appropriate to approach the point of singularity at x = w equally from both sides. In terms of the principal value, for specific values of k, the integral in Eq. 10 becomes to show relative confributions to the integral.
In the limit that M-*co, the trapezoidal rule yields 4 1 assumed to apply extends only 0.001 of the frequency u,
e.g., 1 Hz at a frequency u of 1000 Hz. Substitution of Eq. 19 and 20 into Eq. 15 yields and am = 0.5 [18] a(w) = a(w) 2am [21] As shown in Fig. 3 , the am coefficients decay rapidly away where p c<M and accounts for intervals in the vicinity of from y = 1. Beyond the first five terms, the individual cony = 1. Following Eq. 18 tribution of each term is less than 1% of the first term. The series approaches its limiting value to within 1% when 20 a*2(w) = a(u) [22] terms are used. The error associated with using a finite number of terms in Eq. and that the derivative of the variance with respect to fre-L dx quency exists.
[19]
Transformation from imaginary to real.-The KramersKronig relations for obtaining the real part from the imagSimilarly, for the variable transformation x = W/Ym valid mary part of the spectrum can be expressed as Eq. 2b, for x> to which in terms of expectations becomes
In the vicinity of y = 1, Eq. 20a can be expressed in a o2(w) = on) [29] The value of F00, for rejection of the null hypothesis (i.e., = ci) approaches one when the number of replicated Thus, the variance of the real part of the impedance is measurements is increased. Results are presented in Fig. 5 equal to the variance of the imaginary part of the impedfor the reduction of ferricyanide on a Pt disk rotating at ance, independent of the direction of the transformation, 120 rpm where 25 replicate impedance scans were ohif the Kramers-Kronig relations are satisfied in an expectamed. The test criterion, F = ff/oj, is compared in Fig. 5 tation sense. For the Kramers-Kronig relations to be satiswith 1 and 5% limits for 25 replications. At frequencies fied, the conditions stated through Eq. 5, 7, and 24 must be below 100 Hz, the hypothesis that a = cr1 is confirmed.
satisfied. Equation 5a and b represent the usual constraints Above 100 Hz, the values for F and the trending as a funcon the experimental stochastic errors; whereas Eq. 7 and 24 represent constraints on the integration procedure.
As summarized in the following section, the theoretical development presented here is supported by experimental -.
observations for various physical systems that satisfy the conditions of ICramers-Kronig relations. standard statistical criterion can be used to confirm the hypothesis that the standard deviations (or variances) of the real and imaginary parts of the impedance are equal.37 A typical result is presented in Fig. 4 for the reduction of ferricyanide on a Pt disk rotating at 3000 rpm where three replicate impedance scans were obtained. The test criterion, F = cr/cr, is compared in Fig. 4 with 1 and 5% limits for three replications. On a frequency-by-frequency basis, 1/F00, .c F c F001; therefore, the hypothesis 34'353' showed that the data collected at high frequency were inconsistent with the Kramers-Kronig relations.
The derivation presented here suggests that, if a = cr must be true for systems that satisfy the Kramers-Kronig relations, the experimental observation of the equality of the variance of the real and imaginary parts of the impedance cannot be attributed to unique features of electrochemical systems or of the frequency-response analyzer (FRA). This conclusion was subsequently tested by measuring the frequency-dependent complex viscosity of viscoelastic fluids using a Rheometrics RMS-800 parallelplate viscometer.3' This system is nonelectrochemical and does not employ an FRA. For measurements that satisfied the Kramers-Kronig relations, the standard deviations for real and imaginary parts of the viscosity were found to be equal.39 Results are presented in Fig. Ga for the complex viscosity of a concentrated polyethylene oxide solution. The F test, presented in Fig. 6b , confirms that ,r = cr'. The results presented here demonstrate theoretically and experimentally that r = a when the Kramers-Kronig relations are satisfied. Manuscripts are in preparation which describe in greater detail the results for the experimental systems presented in Fig. 4 to 6.
Discussion
The result of the development presented here is that, for data that are consistent with the Kramers-Kronig relations in an expectation sense, the standard deviation of the real part of a complex spectrum at a given frequency must be equal to the standard deviation of the imaginary part. The development did not require any assumptions concerning analyticity of the stochastic noise with respect to frequency; therefore, the result applies to spectra in which data are collected sequentially as well as to spectra in which a single observation is used to resolve a spectrum, as is done, for example, by Fourier transformation of transient data.
The implications of this result are illustrated in Fig. 7 , where the real and imaginary parts of an impedance spectrum are presented as functions of frequency. The probability distribution function for the data, corresponding to an equal standard deviation for the real and imaginary parts, is shown at a frequency of 0.03 Hz. The real part of the impedance at this frequency is roughly 100 CI as compared to -3 Iii for the imaginary part, and the noise level therefore represents a much larger percentage of the imaginary signal than the real. This result, which has been (a) While the development presented here shows that the standard deviations for the real and imaginary parts of a Kramers-Kronig-transformable complex quantity are equal, the instantaneous realizations of the stochastic errors for the respective components have been shown experimentally to be uncorrelated.'6'34 The errors also were found to be uncorrelated with respect to frequency,'6'34 an observation that supports a key assumption made here. The assumption of the existence of the first derivative of the variance is supported by the identification of error structures presented in Fig. 4 to 6 and in Ref. [14] [15] [16] [17] [18] 20 , and 33-36.
The need to identify an appropriate form for the impedance Z(x) in the presence of stochastic errors (e.g., Eq. 8 and 23) supports the use of measurement models composed of line shapes that themselves satisfy the Kramers-Kronig relations. The use of such measurement models is superior to the use of polynomial fitting because fewer parameters are needed to model complex behavior. Experimental data seldom contain a frequency range sufficient to approximate the range of integration of 0 to required to evaluate the Kramers-Kronig integrals; therefore, extrapolation of the data set is required. Measurement models can be used to extrapolate the experimental data set, and the implications of the extrapolation procedure are quite different than from extrapolations with polynomials. The extrapolations done with measurement models are based on a common set of parameters for the real and imaginary parts and on a model structure that has been shown to represent the observations adequately. The confidence in the extrapolation using measurement models is, therefore, higher. In addition, as the line shapes used satisfy the Kramers-Kronig relations, experimental data may be checked for consistency with the Kramers-Kronig relations without actually integrating the equations over fre- The analytic approach presented here establishes an explicit relationship between r and cr with the only requirement that the errors be stationary in the sense of replication at each measurement frequency, that errors be uncorrelated with respect to frequency, that the derivative of the variance with respect to frequency exists, and that the Kramers-Kronig relations be satisfied. In addition, the conditions for the applicability of the Kramers-Kronig relations to experimental data have been identified, i.e., that Eq. 5, 7, and 24 be satisfied.
Conclusion
Knowledge of the error structure plays a critical role in interpreting spectroscopic measurements. An assessment of the stochastic (or noise) component of the errors allows refinement of regression strategies and can guide design of experiments to improve signal-to-noise ratios. Assessment of consistency of data with the Kramers-Kronig relations is also important because inconsistencies can be attributed to experimental bias errors which must be accounted for during interpretation of measurements.
In this work, the experimental observation that real and imaginary parts of the impedance have the same standard deviation was found to have a fundamental basis for stationary error structures. The propagation of stochastic errors through the Kramers-Kronig relations in both directions (real-to-imaginary and imaginary-to-real) yielded standard deviations that were equal. This result appears to be general and should apply for all spectroscopic measurements in which real and imaginary components are obtained simultaneously and with the same instrumentation. Thus, the observations concerning the error structure of electrochemical, optical-electrochemical, and mechanical-electrochemical impedance spectra should apply as well to purely mechanical spectroscopic measurements. '9 This work suggests also that evaluation of stochastic errors could provide insight into the degree of consistency with the Kramers-Kronig relations. The concept that there exists a relationship between stochastic error structure and bias errors is supported by repeated experimental observation that the standard deviation of real and imaginary parts of the impedance were equal except for spectra that were found to be inconsistent with the KramersKronig relations.
